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Chapter 1

1.1 In tro duction

Within this rep ort, w e examine ODE (ordinary di�eren tial equations) b y using

the Runge-Kutta metho ds (2, 4, and 45). W e also examine these ODEs using

stabilit y analysis (b y lo oking at the P oincare sections), and plot them in their

c haotic state.

1.2 Question 1

With this question, w e are ask ed to examine the rk2 (Runge-Kutta 2), rk4

(Runge-Kutta 4) and rk45 (Runge-Kutta 45) metho ds of n umerically solving

this di�eren tial equations. The general form of a Runge-Kutta metho d is based

on the equation

dy

dt

= f ( t; y ) = ) y ( t ) =

Z

f ( t; y ) dt

1.2.1 rk2 (Runge-Kutta 2)

This metho d is the second order Runge-Kutta metho d. W e can deriv e the

algorithm for this n umerical metho d, b y doing the T a ylor Series expansion ab out
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the p oin t ( t

n +

1

2

; y

n +

1

2

) (the midp oin t). When w e do that, w e get

f ( t; y ) � f ( t

n +

1

2

; y

n +

1

2

) + ( t � t

n +

1

2

)

d f

dt

( t

n +

1

2

) + :::

where the ::: is additional higher order terms O ( h

2

) that w e are not concerned

with in this metho d. While w e do the T a ylor expansion ab out the midp oin t,

our term ( t � t

n +

1

2

)

2 n +1

(where n � 0 is an in teger) disapp ears, and w e are left

with

f ( t; y ) � f ( t

n +

1

2

; y

n +

1

2

) + :::

where no w the ::: corresp onds to terms that are O ( h

3

). Then, b y using our

metho d used ab o v e, w e can estimate our function y b y

Z

t

n +1

t

n

f ( t; y ) dt � f ( t

n +

1

2

; y

n +

1

2

) + O ( h

3

) = ) y

n +1

� y

n

+ hf ( t

n +

1

2

; y

n +

1

2

)+ O ( h

3

)

The tric ky part comes in when w e try ev aluate y

n +

1

2

. W e do this using Euler's

algorithm,

y

n +

1

2

� y

n

+

1

2

h

dy

dt

= y

n

+

1

2

hf ( t

n

; y

n

)

No w, our algorithm is

y n + 1 � y

n

+ k

2

k

2

= h f ( t

n

+

h

2

; y

n

+

k

1

2

)

k

1

= h f ( t

n

; y

n

)

The co de output for this can b e found in App endix A.1.

1.2.2 P art I

The co de listing for rk2.cpp is in App endix A.1
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1.2.3 P art I I

The co de listing for the functions

dy

(0)

dt

= y

(1)

( t )

and

dy

(1)

dt

=

1

m

( F

ext

( x; t ) � k y

(0)

( t )

p � 1

)

is in App endix A.1. Once w e ha v e these functions, w e can use rk2, rk4, and

rk45 to examine and plot these di�eren tial equations.
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Figure 1.1: The equation of motion (p osition) solv ed n umerically using rk2
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Figure 1.2: The equation of motion (v elo cit y) solv ed n umerically using rk2
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Figure 1.3: The equation of motion (p osition) solv ed n umerically using rk4
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Figure 1.4: The equation of motion (v elo cit y) solv ed n umerically using rk4
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Figure 1.5: The equation of motion (p osition) solv ed n umerically using rk45
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Figure 1.6: The equation of motion (v elo cit y) solv ed n umerically using rk45

1.2.4 P art I I I

By examining the equation, the v alues to c ho ose could b e

k = 2

2

= 4

and

m = (

1

�

)

2

W e can easily v erify these v alues w ork b y plugging them in to the equation

!

0

=

q

k

m

. Then, our analytical solutions are

x ( t ) = Asin (

4

�

t + � )

and

v ( t ) =

4

�

Acos (

4

�

t + � )
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1.2.5 P art IV

If the v alues for our h are to o large, then our algorithm with div erge, and our

solution will b e completely and totally incorrect. F or instance, our graph, with

h =

T (= 1)

5

, our graph lo oks lik e
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Figure 1.7: The equation of motion (p osition) solv ed n umerically using rk45

with a p o or h v alue (h=0.2)

1.2.6 P art V

If w e plot the analytical solution together with the solution w e just solv ed n u-

merically (with the rk2, rk4 and rk45) metho ds w e get the follo w graphs).

W e can see that for the rk2 metho d, w e get a rather p o or estimate for the

equations of our p osition ( x ( t )) and our v elo cit y ( v ( t )). With the rk4 metho d,

w e get a sligh tly b etter estimate, ho w ev er, w e can v ery easily see that rk45 is

the b est appro ximation of the solution to our di�eren tial equation.
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Figure 1.8: The equation of motion (v elo cit y) solv ed n umerically using rk45

with a p o or h v alue (h=0.2)

1.3 Question 2

Our next section deals with using the rk45 algorithm to examine the c haoticness

of the di�eren tial equation using the P oincare cross-sections to examine the

attractors. By doing so, w e use a mo di�ed v ersion of our Runge-Kutta 45

algorithm. This can b e found in App endix A.4. The equation w e are mo delling

is the di�eren tial equation for an electric circuit with a resistance, inductance,

and a non-linear capacitance. If w e select the prop er v alues for A and B in the

equation

d

2

x

dt

2

+ A

dx

dt

+ x

3

= B cos ( t )

w e can driv e the circuit in to a sin usoidally c haotic state. Our plots for the

P oincare sections for di�eren t v alues of B (with A = 0 : 1) b elo w.

By examining the graphs, w e can see that for the v alues of B < 9 : 8, that for
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Figure 1.9: The equation of motion (p osition) solv ed and plotted b oth n umeri-

cally and analytically using rk2

B = 4, the function do es not lo ok en tirely c haotic, and that there are attractors

(ie. at t = 1 : 5). W e see similar patterns for B = 5, with the exception that

the graph no w lo oks \
ipp ed", and that the ma jor attractor is at B = � 1 : 5.

With B = 8, w e see a graph that almosts lo oks lik e a transp osition of the graph

of B = 4 on top of the graph for B = 5. There are the ma jor attractors at

t = � 1 : 5 and t = 1 : 5. Ho w ev er, when w e are in view of the graph with B = 10,

w e see a m uc h more c haotic pattern that exists. This has b een suggested b y

Mo on , 1987, that v alues of B suc h that 9 : 8 < B < 13 : 4 w ould corresp ond to a

c haotic pattern.

1.4 Conclusion

In conclusion, w e'v e found that rk2 is m uc h w orse of an algorithm than rk45,

but still b etter than Euler's algorithm. Our analysis of rk4, sho ws that the
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Figure 1.10: The equation of motion (v elo cit y) solv ed and plotted b oth n umer-

ically and analytically using rk2

algorithm is b etter than rk2, but still not quite up to par with rk45. W e can

also see that for rk2 and rk45, our v alue of h is v ery imp ortan t. W e can see that

a p o or v alue of h, means that our algorithm ma y div erge, and not giv e us our

exp ected results (or the correct solution!).
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Figure 1.11: The equation of motion (p osition) solv ed and plotted b oth n umer-

ically and analytically using rk4
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Figure 1.12: The equation of motion (v elo cit y) solv ed and plotted b oth n umer-

ically and analytically using rk4
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Figure 1.13: The equation of motion (p osition) solv ed and plotted b oth n umer-

ically and analytically using rk45
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Figure 1.14: The equation of motion (v elo cit y) solv ed and plotted b oth n umer-

ically and analytically using rk45
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Figure 1.15: P oincare section with A=0.1 and B=4
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Figure 1.16: P oincare section with A=0.1 and B=5
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Figure 1.17: P oincare section with A=0.1 and B=8
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Figure 1.18: P oincare section with A=0.1 and B=10
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App endix A

Source �les

A.1 rk2.cpp

/ �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� r k 4 . c : 4 t h o r d e r R u n g e � K u t t a s o l u t i o n f o r h a r m o n i c o s c i l l a t o r

�

� �

� From : " A S U R V E Y O F C O M P U T A T I O N A L P H Y S I C S "

b y R H L a n d a u , M J P a e z , a n d C C B O R D E I A N U

C o p y r i g h t P r i n c e t o n U n i v e r s i t y P r e s s , P r i n c e t o n , 2 0 0 8 .

E l e c t r o n i c M a t e r i a l s c o p y r i g h t : R L a n d a u , O r e g o n S t a t e U n i v , 2 0 0 8 ;

M J P a e z , U n i v A n t i o q u i a , 2 0 0 8 ; & C C B O R D E I A N U, U n i v B u c h a r e s t , 2 0 0 8

S u p p o r t b y N a t i o n a l S c i e n c e F o u n d a t i o n

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� /
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# i n c l u d e < s t d i o . h >

# d e f i n e N 2 / � n u m b e r o f e q u a t i o n s � /

# d e f i n e d i s t 0 . 0 1 / � s t e p s i z e � /

# d e f i n e M I N 0 . 0 / � m i n i m u m x � /

# d e f i n e M A X 1 0 . 0 / � maximum x � /

v o i d r u n g e 2 ( d o u b l e x , d o u b l e y [ ] , d o u b l e s t e p ) ;

d o u b l e f ( d o u b l e x , d o u b l e y [ ] , i n t i ) ;

m a i n ( )

f

d o u b l e x , y [ N ] ;

i n t j ;

F I L E � o u t p u t p , � o u t p u t v ;

o u t p u t p = f o p e n ( " r k 2 p . d a t " , "w" ) ;

o u t p u t v = f o p e n ( " r k 2 v . d a t " , "w" ) ;

y [ 0 ] = 1 . 0 ; / � i n i t i a l p o s i t i o n

� /

y [ 1 ] = 0 . 0 ; / � i n i t i a l v e l o c i t y

� /

f p r i n t f ( o u t p u t p , " % f n t% f n n " , x , y [ 0 ] ) ;
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f p r i n t f ( o u t p u t v , " % f n t% f n n " , x , y [ 1 ] ) ;

f o r ( x = M I N ; x < = M A X ; x + = d i s t )

f

r u n g e 2 ( x , y , d i s t ) ;

f p r i n t f ( o u t p u t p , " % f n t% f n n " , x , y [ 0 ] ) ; / � p o s i t i o n v s . t i m e � /

f p r i n t f ( o u t p u t v , " % f n t% f n n " , x , y [ 1 ] ) ; / � v e l o c i t y v s . t i m e � /

g

f c l o s e ( o u t p u t v ) ;

f c l o s e ( o u t p u t p ) ;

g

/ � � � � � � � � � � � � � � � � � � � � � � � � e n d o f m a i n p r o g r a m � � � � � � � � � � � � � � � � � � � � � � � � � � � /

/ � R u n g e � K u t t a s u b r o u t i n e � /

v o i d r u n g e 2 ( d o u b l e x , d o u b l e y [ ] , d o u b l e s t e p )

f

d o u b l e h = s t e p / 2 . 0 , / � t h e m i d p o i n t � /

t 1 [ N ] , t 2 [ N ] ,

k 1 [ N ] , k 2 [ N ] ; / � f o r R u n g e � K u t t a

� /

i n t i ;

f o r ( i = 0 ; i < N ; i + + ) t 1 [ i ] = y [ i ] + 0 . 5 � ( k 1 [ i ] = s t e p � f ( x , y , i ) ) ;

f o r ( i = 0 ; i < N ; i + + ) k 2 [ i ] = s t e p � f ( x + h , t 1 , i ) ;

f o r ( i = 0 ; i < N ; i + + ) y [ i ] + = k 2 [ i ] ;
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g

/ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � /

/ � d e f i n i t i o n o f e q u a t i o n s � t h i s i s t h e h a r m o n i c o s c i l l a t o r � /

d o u b l e f ( d o u b l e x , d o u b l e y [ ] , i n t i )

f

d o u b l e k = 4 ,

m = ( 1 / 3 . 1 4 1 5 9 ) � ( 1 / 3 . 1 4 1 5 9 ) ;

i f ( i = = 0 ) r e t u r n ( y [ 1 ] ) ; / � R H S o f f i r s t e q u a t i o n � /

i f ( i = = 1 ) r e t u r n ( k / m � ( � y [ 0 ] ) ) ; / � R H S o f s e c o n d e q u a t i o n � /

g

A.2 rk4.cpp

/ �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� r k 4 . c : 4 t h o r d e r R u n g e � K u t t a s o l u t i o n f o r h a r m o n i c o s c i l l a t o r

�

� �

� From : " A S U R V E Y O F C O M P U T A T I O N A L P H Y S I C S "

b y R H L a n d a u , M J P a e z , a n d C C B O R D E I A N U

C o p y r i g h t P r i n c e t o n U n i v e r s i t y P r e s s , P r i n c e t o n , 2 0 0 8 .

E l e c t r o n i c M a t e r i a l s c o p y r i g h t : R L a n d a u , O r e g o n S t a t e U n i v , 2 0 0 8 ;

M J P a e z , U n i v A n t i o q u i a , 2 0 0 8 ; & C C B O R D E I A N U, U n i v B u c h a r e s t , 2 0 0 8

S u p p o r t b y N a t i o n a l S c i e n c e F o u n d a t i o n

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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� /

# i n c l u d e < s t d i o . h >

# d e f i n e N 2 / � n u m b e r o f e q u a t i o n s � /

# d e f i n e d i s t 0 . 0 1 / � s t e p s i z e � /

# d e f i n e M I N 0 . 0 / � m i n i m u m x � /

# d e f i n e M A X 1 0 . 0 / � maximum x � /

v o i d r u n g e 4 ( d o u b l e x , d o u b l e y [ ] , d o u b l e s t e p ) ;

d o u b l e f ( d o u b l e x , d o u b l e y [ ] , i n t i ) ;

m a i n ( )

f

v o i d r u n g e 4 ( d o u b l e x , d o u b l e y [ ] , d o u b l e s t e p ) ;

d o u b l e f ( d o u b l e x , d o u b l e y [ ] , i n t i ) ;

d o u b l e x , y [ N ] ;

i n t j ;

F I L E � o u t p u t p , � o u t p u t v ;

o u t p u t p = f o p e n ( " r k 4 p . d a t " , "w" ) ;

o u t p u t v = f o p e n ( " r k 4 v . d a t " , "w" ) ;

y [ 0 ] = 1 . 0 ; / � i n i t i a l p o s i t i o n

� /
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y [ 1 ] = 0 . 0 ; / � i n i t i a l v e l o c i t y

� /

f p r i n t f ( o u t p u t p , " % f n t% f n n " , x , y [ 0 ] ) ;

f p r i n t f ( o u t p u t v , " % f n t% f n n " , x , y [ 1 ] ) ;

f o r ( x = M I N ; x < = M A X ; x + = d i s t )

f

r u n g e 4 ( x , y , d i s t ) ;

f p r i n t f ( o u t p u t p , " % f n t% f n n " , x , y [ 0 ] ) ; / � p o s i t i o n v s . t i m e � /

f p r i n t f ( o u t p u t v , " % f n t% f n n " , x , y [ 1 ] ) ;

g

f c l o s e ( o u t p u t p ) ;

f c l o s e ( o u t p u t v ) ;

g

/ � � � � � � � � � � � � � � � � � � � � � � � � e n d o f m a i n p r o g r a m � � � � � � � � � � � � � � � � � � � � � � � � � � � /

/ � R u n g e � K u t t a s u b r o u t i n e � /

v o i d r u n g e 4 ( d o u b l e x , d o u b l e y [ ] , d o u b l e s t e p )

f

d o u b l e h = s t e p / 2 . 0 , / � t h e m i d p o i n t � /

t 1 [ N ] , t 2 [ N ] , t 3 [ N ] , / � t e m p o r a r y s t o r a g e � /

k 1 [ N ] , k 2 [ N ] , k 3 [ N ] , k 4 [ N ] ; / � f o r R u n g e � K u t t a

� /

i n t i ;

f o r ( i = 0 ; i < N ; i + + ) t 1 [ i ] = y [ i ] + 0 . 5 � ( k 1 [ i ] = s t e p � f ( x , y , i ) ) ;
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f o r ( i = 0 ; i < N ; i + + ) t 2 [ i ] = y [ i ] + 0 . 5 � ( k 2 [ i ] = s t e p � f ( x + h , t 1 , i ) ) ;

f o r ( i = 0 ; i < N ; i + + ) t 3 [ i ] = y [ i ] + ( k 3 [ i ] = s t e p � f ( x + h , t 2 , i ) ) ;

f o r ( i = 0 ; i < N ; i + + ) k 4 [ i ] = s t e p � f ( x + s t e p , t 3 , i ) ;

f o r ( i = 0 ; i < N ; i + + ) y [ i ] + = ( k 1 [ i ] + 2 � k 2 [ i ] + 2 � k 3 [ i ] + k 4 [ i ] ) / 6 . 0 ;

g

/ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � /

/ � d e f i n i t i o n o f e q u a t i o n s � t h i s i s t h e h a r m o n i c o s c i l l a t o r � /

d o u b l e f ( d o u b l e x , d o u b l e y [ ] , i n t i )

f

d o u b l e k = 4 ,

m = ( 1 / 3 . 1 4 1 5 9 2 6 ) � ( 1 / 3 . 1 4 1 5 9 2 6 ) ;

i f ( i = = 0 ) r e t u r n ( y [ 1 ] ) ; / � R H S o f f i r s t e q u a t i o n � /

i f ( i = = 1 ) r e t u r n ( k / m � ( � y [ 0 ] ) ) ; / � R H S o f s e c o n d e q u a t i o n � /

g

A.3 rk45.cpp

/ �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� r k 4 5 r h l . c O r d i n a r y D i f f e r e n t i a l E q u a t i o n s S o l v e r ( O D E S ) .

S o l v e t h e d i f f e r e n t i a l e q u a t i o n u s i n g R u n g e � K u t t a � F e h l b e r g M e t h o d

w i t h v a r i a b l e s t e p s i z e .

�

�

�

� From : " A S U R V E Y O F C O M P U T A T I O N A L P H Y S I C S "
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b y R H L a n d a u , M J P a e z , a n d C C B O R D E I A N U

C o p y r i g h t P r i n c e t o n U n i v e r s i t y P r e s s , P r i n c e t o n , 2 0 0 8 .

E l e c t r o n i c M a t e r i a l s c o p y r i g h t : R L a n d a u , O r e g o n S t a t e U n i v , 2 0 0 8 ;

M J P a e z , U n i v A n t i o q u i a , 2 0 0 8 ; & C C B O R D E I A N U, U n i v B u c h a r e s t , 2 0 0 8

S u p p o r t b y N a t i o n a l S c i e n c e F o u n d a t i o n

�

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� /

# i n c l u d e < s t d i o . h >

# i n c l u d e < s t d l i b . h >

# i n c l u d e < m a t h . h >

m a i n ( )

f / / o p e n f i l e r k 4 5 r h l . d a t f o r o u t p u t d a t a

F I L E � o u t p , � o u t v ;

o u t p= f o p e n ( " r k 4 5 p . d a t " , "w" ) ;

o u t v= f o p e n ( " r k 4 5 v . d a t " , "w" ) ;

d o u b l e h , t , s , s 1 , h m i n , hmax ;

d o u b l e y [ 2 ] ;

d o u b l e f R e t u r n [ 2 ] ;

d o u b l e ydumb [ 2 ] ;
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d o u b l e k 1 [ 2 ] ; d o u b l e k 2 [ 2 ] ; d o u b l e k 3 [ 2 ] ;

d o u b l e k 4 [ 2 ] ; d o u b l e k 5 [ 2 ] ; d o u b l e k 6 [ 2 ] ;

d o u b l e e r r [ 2 ] ;

d o u b l e T o l = 1 . 0 E � 8 ; / / e r r o r c o n t r o l t o l e r a n c e

d o u b l e a = 0 . 0 ; / / e n d p o i n t s

d o u b l e b = 1 0 . 0 ;

i n t i , j , n = 2 0 ;

v o i d f ( d o u b l e t , d o u b l e y [ ] , d o u b l e f R e t u r n [ ] ) ;

y [ 0 ] = 1 . 0 ; y [ 1 ] = 0 . 0 ;

/ / y [ 0 ] = 1 . 0 ; y [ 1 ] = 0 . 0 ; / / i n i t i a l i z e

h = ( b � a ) / n ; / / t e n t a t i v e n u m b e r o f s t e p s

h m i n = h / 6 4 ;

hmax = h � 6 4 ; / / m i n i m u m a n d maximum s t e p s i z e

t = a ;

j = 0 ;

/ / R H L a d d o f p r i n t o u t f o r i n i t i a l s t e p

f p r i n t f ( o u t p , " % f n t% f n n " , t , y [ 0 ] ) ; / / o u t p u t a n s w e r t o f i l e

f p r i n t f ( o u t v , " % f n t% f n n " , t , y [ 1 ] ) ; / / o u t p u t a n s w e r t o f i l e

w h i l e ( t < b )

f

i f ( ( t + h ) > b ) h = b � t ; / / t h e l a s t s t e p
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f ( t , y , f R e t u r n ) ; / / e v a l u a t e b o t h R H S ' s a n d r e t u r n i n f R e t u r n

k 1 [ 0 ] = h � f R e t u r n [ 0 ] ; / / c o m p u t e t h e f u n c t i o n v a l u e s

k 1 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + k 1 [ i ] / 4 ;

f ( t + h / 4 , ydumb , f R e t u r n ) ;

k 2 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 2 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + 3 � k 1 [ i ] / 3 2 + 9 � k 2 [ i ] / 3 2 ;

f ( t + 3 � h / 8 , ydumb , f R e t u r n ) ;

k 3 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 3 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + 1 9 3 2 � k 1 [ i ] / 2 1 9 7

� 7 2 0 0 � k 2 [ i ] / 2 1 9 7 . + 7 2 9 6 � k 3 [ i ] / 2 1 9 7 ;

f ( t + 1 2 � h / 1 3 , ydumb , f R e t u r n ) ;

k 4 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 4 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + 4 3 9 � k 1 [ i ] / 2 1 6 � 8 � k 2 [ i ]

+ 3 6 8 0 � k 3 [ i ] / 5 1 3 � 8 4 5 � k 4 [ i ] / 4 1 0 4 ;

f ( t + h , ydumb , f R e t u r n ) ;

k 5 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 5 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] � 8 � k 1 [ i ] / 2 7 + 2 � k 2 [ i ]
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� 3 5 4 4 � k 3 [ i ] / 2 5 6 5 + 1 8 5 9 � k 4 [ i ] / 4 1 0 4 � 1 1 � k 5 [ i ] / 4 0 ;

f ( t + h / 2 , ydumb , f R e t u r n ) ;

k 6 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 6 [ 1 ] = h � f R e t u r n [ 1 ] ;

/ / z k + 1 � y k + 1

f o r ( i = 0 ; i < = 1 ; i + + ) e r r [ i ] =a b s ( k 1 [ i ] / 3 6 0 � 1 2 8 � k 3 [ i ] / 4 2 7 5 � 2 1 9 7 � k 4 [ i ] / 7 5 2 4 0

+ k 5 [ i ] / 5 0 . 0 + 2 � k 6 [ i ] / 5 5 ) ;

i f ( ( e r r [ 0 ] < T o l ) j j ( e r r [ 1 ] < T o l ) j j ( h < = 2 � h m i n ) ) / / a c c e p t t h e a p p r o x i m a t i o n

/ / i f ( ( e r r [ 0 ] < T o l ) j j ( h < = 2 � h m i n ) ) / / a c c e p t t h e a p p r o x i m a t i o n

f / / R K 4

f o r ( i = 0 ; i < = 1 ; i + + ) y [ i ] = y [ i ] + 2 5 � k 1 [ i ] / 2 1 6 . + 1 4 0 8 � k 3 [ i ] / 2 5 6 5 .

+ 2 1 9 7 � k 4 [ i ] / 4 1 0 4 . � k 5 [ i ] / 5 . ;

t = t + h ;

j + + ; g

i f ( ( e r r [ 0 ] = = 0 ) j j ( e r r [ 1 ] = = 0 ) ) s = 0 ; / / t r a p d i v i s i o n b y 0

e l s e s = 0 . 8 4 � p o w ( T o l � h / e r r [ 0 ] , 0 . 2 5 ) ; / / s t e p s i z e s c a l a r

i f ( ( s < 0 . 7 5 ) & & ( h > 2 � h m i n ) ) h / = 2 . ; / / r e d u c e s t e p

e l s e i f ( ( s > 1 . 5 ) & & ( 2 � h < hmax ) ) h � = 2 . ; / / i n c r e a s e s t e p
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f p r i n t f ( o u t p , " % f n t% f n n " , t , y [ 0 ] ) ; / / o u t p u t a n s w e r t o f i l e

f p r i n t f ( o u t v , " % f n t% f n n " , t , y [ 1 ] ) ; / / o u t p u t a n s w e r t o f i l e

/ / w . p r i n t l n ( " " + t + " " + M a t h . l o g ( e r r o r ) ) ;

/ / w . p r i n t l n ( " " + t + " " + M a t h . a b s ( e r r o r ) ) ;

g

/ / E n d o f w h i l e l o o p

g

/ / d e f i n i t i o n o f e q u a t i o n � e x a m p l e

/ / d a m p e d h a r m o n i c o s c i l l a t o r w i t h h a r m o n i c d r i v e r

/ / x " + 1 0 0 � x + 2 � x ' = s i n 3 � t

/ / w e d e f i n e y [ 0 ] = x , y [ 1 ] = x '

/ / Y o u n e e d t o t r a n s f o r m t h e s e c o n d o r d e r d i f f e r e n t i a l e q u a t i o n

/ / i n a s y s t e m o f t w o d i f f e r e n t i a l e q u a t i o s o f f i r s t o r d e r :

/ / f [ 0 ] = x ' = y [ 1 ]

/ / f [ 1 ] = x " = � 1 0 0 � x � 2 � x ' = � 1 0 0 � y [ 0 ] � 2 � y [ 1 ] + s i n 3 � t

/ / Y o u may e n t e r y o u r o w n e q u a t i o n h e r e !

v o i d f ( d o u b l e t , d o u b l e y [ ] , d o u b l e f R e t u r n [ ] )

f

d o u b l e k = 4 ,

m = ( 1 / 3 . 1 4 1 5 9 ) � ( 1 / 3 . 1 4 1 5 9 ) ;
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/ / f R e t u r n [ 0 ] = y [ 1 ] ; / / R H S o f f i r s t e q u a t i o n

/ / f R e t u r n [ 1 ] = � y [ 0 ] ; / / R H S o f s e c o n d e q u a t i o n

f R e t u r n [ 0 ] = y [ 1 ] ;

f R e t u r n [ 1 ] = k / m � ( � y [ 0 ] ) ;

r e t u r n ;

g

A.4 rk45q2.cpp

/ �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� r k 4 5 r h l . c O r d i n a r y D i f f e r e n t i a l E q u a t i o n s S o l v e r ( O D E S ) .

S o l v e t h e d i f f e r e n t i a l e q u a t i o n u s i n g R u n g e � K u t t a � F e h l b e r g M e t h o d

w i t h v a r i a b l e s t e p s i z e .

�

�

�

� From : " A S U R V E Y O F C O M P U T A T I O N A L P H Y S I C S "

b y R H L a n d a u , M J P a e z , a n d C C B O R D E I A N U

C o p y r i g h t P r i n c e t o n U n i v e r s i t y P r e s s , P r i n c e t o n , 2 0 0 8 .

E l e c t r o n i c M a t e r i a l s c o p y r i g h t : R L a n d a u , O r e g o n S t a t e U n i v , 2 0 0 8 ;

M J P a e z , U n i v A n t i o q u i a , 2 0 0 8 ; & C C B O R D E I A N U, U n i v B u c h a r e s t , 2 0 0 8

S u p p o r t b y N a t i o n a l S c i e n c e F o u n d a t i o n

�

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� /
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# i n c l u d e < s t d i o . h >

# i n c l u d e < s t d l i b . h >

# i n c l u d e < m a t h . h >

m a i n ( )

f / / o p e n f i l e r k 4 5 r h l . d a t f o r o u t p u t d a t a

F I L E � o u t p , � o u t v ;

o u t p= f o p e n ( " r k 4 5 q 2 p . d a t " , "w" ) ;

o u t v= f o p e n ( " r k 4 5 q 2 v . d a t " , "w" ) ;

d o u b l e h , t , s , s 1 , h m i n , hmax ;

d o u b l e y [ 2 ] ;

d o u b l e f R e t u r n [ 2 ] ;

d o u b l e ydumb [ 2 ] ;

d o u b l e k 1 [ 2 ] ; d o u b l e k 2 [ 2 ] ; d o u b l e k 3 [ 2 ] ;

d o u b l e k 4 [ 2 ] ; d o u b l e k 5 [ 2 ] ; d o u b l e k 6 [ 2 ] ;

d o u b l e e r r [ 2 ] ;

d o u b l e T o l = 1 . 0 E � 8 ; / / e r r o r c o n t r o l t o l e r a n c e

d o u b l e a = 0 . 0 ; / / e n d p o i n t s

d o u b l e b = 1 0 0 . 0 ;

i n t i , j , n = 1 0 0 ;

v o i d f ( d o u b l e t , d o u b l e y [ ] , d o u b l e f R e t u r n [ ] ) ;
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y [ 0 ] = 1 . 0 ; y [ 1 ] = 0 . 0 ;

/ / y [ 0 ] = 1 . 0 ; y [ 1 ] = 0 . 0 ; / / i n i t i a l i z e

h = ( b � a ) / n ; / / t e n t a t i v e n u m b e r o f s t e p s

h m i n = h / 6 4 ;

hmax = h � 6 4 ; / / m i n i m u m a n d maximum s t e p s i z e

t = a ;

j = 0 ;

/ / R H L a d d o f p r i n t o u t f o r i n i t i a l s t e p

f p r i n t f ( o u t v , " % f n t% f n n " , t , y [ 0 ] ) ; / / o u t p u t a n s w e r t o f i l e

f p r i n t f ( o u t p , " % f n t% f n n " , t , y [ 1 ] ) ; / / o u t p u t a n s w e r t o f i l e

w h i l e ( t < b )

f

i f ( ( t + h ) > b ) h = b � t ; / / t h e l a s t s t e p

f ( t , y , f R e t u r n ) ; / / e v a l u a t e b o t h R H S ' s a n d r e t u r n i n f R e t u r n

k 1 [ 0 ] = h � f R e t u r n [ 0 ] ; / / c o m p u t e t h e f u n c t i o n v a l u e s

k 1 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + k 1 [ i ] / 4 ;

f ( t + h / 4 , ydumb , f R e t u r n ) ;

k 2 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 2 [ 1 ] = h � f R e t u r n [ 1 ] ;
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f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + 3 � k 1 [ i ] / 3 2 + 9 � k 2 [ i ] / 3 2 ;

f ( t + 3 � h / 8 , ydumb , f R e t u r n ) ;

k 3 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 3 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + 1 9 3 2 � k 1 [ i ] / 2 1 9 7

� 7 2 0 0 � k 2 [ i ] / 2 1 9 7 . + 7 2 9 6 � k 3 [ i ] / 2 1 9 7 ;

f ( t + 1 2 � h / 1 3 , ydumb , f R e t u r n ) ;

k 4 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 4 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] + 4 3 9 � k 1 [ i ] / 2 1 6 � 8 � k 2 [ i ]

+ 3 6 8 0 � k 3 [ i ] / 5 1 3 � 8 4 5 � k 4 [ i ] / 4 1 0 4 ;

f ( t + h , ydumb , f R e t u r n ) ;

k 5 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 5 [ 1 ] = h � f R e t u r n [ 1 ] ;

f o r ( i = 0 ; i < = 1 ; i + + ) ydumb [ i ] = y [ i ] � 8 � k 1 [ i ] / 2 7 + 2 � k 2 [ i ]

� 3 5 4 4 � k 3 [ i ] / 2 5 6 5 + 1 8 5 9 � k 4 [ i ] / 4 1 0 4 � 1 1 � k 5 [ i ] / 4 0 ;

f ( t + h / 2 , ydumb , f R e t u r n ) ;

k 6 [ 0 ] = h � f R e t u r n [ 0 ] ;

k 6 [ 1 ] = h � f R e t u r n [ 1 ] ;

/ / z k + 1 � y k + 1

f o r ( i = 0 ; i < = 1 ; i + + ) e r r [ i ] =a b s ( k 1 [ i ] / 3 6 0 � 1 2 8 � k 3 [ i ] / 4 2 7 5 � 2 1 9 7 � k 4 [ i ] / 7 5 2 4 0

+ k 5 [ i ] / 5 0 . 0 + 2 � k 6 [ i ] / 5 5 ) ;
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i f ( ( e r r [ 0 ] < T o l ) j j ( e r r [ 1 ] < T o l ) j j ( h < = 2 � h m i n ) ) / / a c c e p t t h e a p p r o x i m a t i o n

/ / i f ( ( e r r [ 0 ] < T o l ) j j ( h < = 2 � h m i n ) ) / / a c c e p t t h e a p p r o x i m a t i o n

f / / R K 4

f o r ( i = 0 ; i < = 1 ; i + + ) y [ i ] = y [ i ] + 2 5 � k 1 [ i ] / 2 1 6 . + 1 4 0 8 � k 3 [ i ] / 2 5 6 5 .

+ 2 1 9 7 � k 4 [ i ] / 4 1 0 4 . � k 5 [ i ] / 5 . ;

t = t + h ;

j + + ; g

i f ( ( e r r [ 0 ] = = 0 ) j j ( e r r [ 1 ] = = 0 ) ) s = 0 ; / / t r a p d i v i s i o n b y 0

e l s e s = 0 . 8 4 � p o w ( T o l � h / e r r [ 0 ] , 0 . 2 5 ) ; / / s t e p s i z e s c a l a r

i f ( ( s < 0 . 7 5 ) & & ( h > 2 � h m i n ) ) h / = 2 . ; / / r e d u c e s t e p

e l s e i f ( ( s > 1 . 5 ) & & ( 2 � h < hmax ) ) h � = 2 . ; / / i n c r e a s e s t e p

f p r i n t f ( o u t v , " % f n t% f n n " , y [ 0 ] , y [ 1 ] ) ; / / o u t p u t a n s w e r t o f i l e

f p r i n t f ( o u t p , " % f n t% f n n " , t , y [ 1 ] ) ; / / o u t p u t a n s w e r t o f i l e

/ / w . p r i n t l n ( " " + t + " " + M a t h . l o g ( e r r o r ) ) ;

/ / w . p r i n t l n ( " " + t + " " + M a t h . a b s ( e r r o r ) ) ;

g
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/ / E n d o f w h i l e l o o p

g

/ / d e f i n i t i o n o f e q u a t i o n � e x a m p l e

/ / d a m p e d h a r m o n i c o s c i l l a t o r w i t h h a r m o n i c d r i v e r

/ / x " + 1 0 0 � x + 2 � x ' = s i n 3 � t

/ / w e d e f i n e y [ 0 ] = x , y [ 1 ] = x '

/ / Y o u n e e d t o t r a n s f o r m t h e s e c o n d o r d e r d i f f e r e n t i a l e q u a t i o n

/ / i n a s y s t e m o f t w o d i f f e r e n t i a l e q u a t i o s o f f i r s t o r d e r :

/ / f [ 0 ] = x ' = y [ 1 ]

/ / f [ 1 ] = x " = � 1 0 0 � x � 2 � x ' = � 1 0 0 � y [ 0 ] � 2 � y [ 1 ] + s i n 3 � t

/ / Y o u may e n t e r y o u r o w n e q u a t i o n h e r e !

v o i d f ( d o u b l e t , d o u b l e y [ ] , d o u b l e f R e t u r n [ ] )

f

d o u b l e A = 0 . 1 ,

B = 1 0 ;

/ / f R e t u r n [ 0 ] = y [ 1 ] ; / / R H S o f f i r s t e q u a t i o n

/ / f R e t u r n [ 1 ] = � y [ 0 ] ; / / R H S o f s e c o n d e q u a t i o n

f R e t u r n [ 0 ] = y [ 1 ] ;

f R e t u r n [ 1 ] = � ( A � y [ 1 ] + p o w ( y [ 0 ] , 3 ) ) + B � c o s ( t ) ;

r e t u r n ;

g

A.5 plotter.cpp
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# i n c l u d e < s t d i o . h >

# i n c l u d e < m a t h . h >

# d e f i n e O M E G A s q r t ( 4 / ( ( 1 / 3 . 1 4 1 5 9 ) � ( 1 / 3 . 1 4 1 5 9 ) ) )

# d e f i n e A 1

d o u b l e x ( d o u b l e i )

f

r e t u r n A � s i n ( O M E G A � i ) ;

g

d o u b l e v ( d o u b l e i )

f

r e t u r n A � O M E G A � c o s ( O M E G A � i ) ;

g

i n t m a i n ( )

f

d o u b l e i = 0 ;

F I L E � a n a l y t i c p , � a n a l y t i c v ;

a n a l y t i c p = f o p e n ( " a n a l y t i c p . d a t " , "w" ) ;

a n a l y t i c v = f o p e n ( " a n a l y t i c v . d a t " , "w" ) ;

f o r ( i = 0 ; i < 1 0 ; i + = 0 . 0 1 )

f

f p r i n t f ( a n a l y t i c p , " % f n t% f n n " , i , x ( i ) ) ;

f p r i n t f ( a n a l y t i c v , " % f n t% f n n " , i , v ( i ) ) ;
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g

r e t u r n 0 ;

g

A.6 Mak e�le

a l l :

m a k e c l e a n

m a k e r k 2

m a k e r k 4

m a k e r k 4 5

m a k e r k 4 5 q 2

m a k e r u n

m a k e p l o t s

r k 2 :

g c c r k 2 . c � o r k 2

r k 4 :

g c c r k 4 . c � o r k 4

r k 4 5 :

g c c r k 4 5 . c � l m � o r k 4 5

r k 4 5 q 2 :

g c c r k 4 5 q 2 . c � l m � o r k 4 5 q 2

r u n :
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. / r k 2

. / r k 4

. / r k 4 5

. / r k 4 5 q 2

m a k e p l o t s

p l o t s :

g c c p l o t t e r . c � l m � o p l o t t e r

. / p l o t t e r

g n u p l o t a n a l y t i c p

g n u p l o t a n a l y t i c v

g n u p l o t r k 2 p

g n u p l o t r k 2 v

g n u p l o t r k 4 p

g n u p l o t r k 4 v

g n u p l o t r k 4 5 p

g n u p l o t r k 4 5 v

g n u p l o t r k 4 5 q 2 p

g n u p l o t r k 4 5 q 2 v

g n u p l o t t o g e t h e r r k 2 p

g n u p l o t t o g e t h e r r k 2 v

g n u p l o t t o g e t h e r r k 4 p

g n u p l o t t o g e t h e r r k 4 v

g n u p l o t t o g e t h e r r k 4 5 p

g n u p l o t t o g e t h e r r k 4 5 v

c l e a n :
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rm � f r k 2 r k 4 r k 4 5 r k 4 5 q 2

rm � f � . d a t
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App endix B

GNUPlot Scripts

B.1 rk2p

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 1 p o s i t i o n . e p s "

s e t t i t l e " "

s e t y l a b e l " x "

s e t x l a b e l " t "

p l o t " r k 2 p . d a t " w i t h l i n e s

B.2 rk2v

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 1 v e l o c i t y . e p s "

s e t t i t l e " V e l o c i t y v s . T i m e "

s e t y l a b e l " x ' "

s e t x l a b e l " t "

p l o t " r k 2 v . d a t " w i t h l i n e s
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B.3 rk4p

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 2 p o s i t i o n . e p s "

s e t t i t l e " P o s i t i o n v s . T i m e "

s e t y l a b e l " x "

s e t x l a b e l " t "

p l o t " r k 4 p . d a t " w i t h l i n e s

B.4 rk4v

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 2 v e l o c i t y . e p s "

s e t t i t l e " V e l o c i t y v s . T i m e "

s e t y l a b e l " x ' "

s e t x l a b e l " t "

p l o t " r k 4 v . d a t " w i t h l i n e s

B.5 rk45p

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 3 p o s i t i o n . e p s "

s e t t i t l e " P o s i t i o n v s . T i m e "

s e t y l a b e l " x "

s e t x l a b e l " t "

p l o t " r k 4 5 p . d a t " w i t h l i n e s

B.6 rk45v
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s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 3 v e l o c i t y . e p s "

s e t t i t l e " V e l o c i t y v s . T i m e "

s e t y l a b e l " x ' "

s e t x l a b e l " t "

p l o t " r k 4 5 v . d a t " w i t h l i n e s

B.7 rk45q2p

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 p o s i t i o n . e p s "

s e t t i t l e " P o s i t i o n v s . T i m e "

s e t y l a b e l " x "

s e t x l a b e l " t "

p l o t " r k 4 5 q 2 p . d a t " w i t h l i n e s

B.8 rk45q2v

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 v e l o c i t y . e p s "

s e t t i t l e " V e l o c i t y v s . T i m e "

s e t y l a b e l " x ' "

s e t x l a b e l " t "

p l o t " r k 4 5 q 2 v . d a t " w i t h l i n e s

B.9 together rk2p

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 p o s i t i o n . e p s "
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s e t t i t l e " P o s i t i o n v s . T i m e "

s e t y l a b e l " x "

s e t x l a b e l " t "

p l o t " r k 4 5 q 2 p . d a t " w i t h l i n e s

B.10 together rk2v

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 v e l o c i t y . e p s "

s e t t i t l e " V e l o c i t y v s . T i m e "

s e t y l a b e l " x ' "

s e t x l a b e l " t "

p l o t " r k 4 5 q 2 v . d a t " w i t h l i n e s

B.11 together rk4p

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 p o s i t i o n . e p s "

s e t t i t l e " P o s i t i o n v s . T i m e "

s e t y l a b e l " x "

s e t x l a b e l " t "

p l o t " r k 4 5 q 2 p . d a t " w i t h l i n e s

B.12 together rk4v

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 v e l o c i t y . e p s "

s e t t i t l e " V e l o c i t y v s . T i m e "

s e t y l a b e l " x ' "
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s e t x l a b e l " t "

p l o t " r k 4 5 q 2 v . d a t " w i t h l i n e s

B.13 together rk45p

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 p o s i t i o n . e p s "

s e t t i t l e " P o s i t i o n v s . T i m e "

s e t y l a b e l " x "

s e t x l a b e l " t "

p l o t " r k 4 5 q 2 p . d a t " w i t h l i n e s

B.14 together rk45v

s e t t e r m i n a l p o s t s c r i p t e n h a n c e d c o l o r

s e t o u t p u t " r e p o r t / l a b 8 q 4 v e l o c i t y . e p s "

s e t t i t l e " V e l o c i t y v s . T i m e "

s e t y l a b e l " x ' "

s e t x l a b e l " t "

p l o t " r k 4 5 q 2 v . d a t " w i t h l i n e s
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